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Report of the Progress during the last financial year April, 2011 — March, 2012 of the
Major Research Project “Studies on Gluon Distribution Function and Recombination of
Partons” with UGC’S letter F. No. 37-1/2009 (ASS)(SR) dated 12 January 2010

1. Completed the phenomenological study of the solution of linear DGLAP equation for singlet
structure function in LO, NLO and NNLO respectively.

2. Attended the DAE-BRNS workshop on Hadron Physics.

3. Bought different books related to the project.

4. Solved the nonlinear GLR evolution equation and obtained the t-evolution of the gluon

distribution function.

Buying of the books:

According to our scheme submitted for the project and following university procedure we

bought three books related to our work. The lists of the books are as follows:

(i) “QCD as a Theory of Hadrons” by Stephan Narison.
(ii) “Deep Inelastic Scattering” by R. Devenish and A. Cooper-Sarkar.
(iii) “Foundations of Perturbative QCD” by John Collins.

Research Work :

A. A Qhenomenological study of the solution of DGLAP evolution equation for Singlet
Structure function upto NNLO:

The DGLAP evolution equation for singlet structure function in NNLO is
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For simplicity, we can assume G(x, t) = K(x)F zs(x, t), where K(x) is a suitable function

of X or may be a constant Now, substituting all these, and using Taylor’s expansion method and
performing u integrations we get from equation (1) ’
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where L(x,t)and M(x,t) are functions of x and t. Let us introduce the functions L (x) and

M(x ) such that L(x, 1) = B—gim) L(x) and M(x, t) = Pot T()M(x) . Thus solving equation (2) we obtain
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where y, b and ¢ are some Constants. Now defining an input point Fzs(x,to) att=t, , where

to = InQ2/A2) for any lower value g2- Qg, we get the t-evolution of FZS (x, t) structure function
in NNLO from equation (3) as
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Similarly defining F25(x0,1) at X =Xg, the x-evolution of singlet structure function in
NNLO is obtained from equation (3) as

s S (1 M)




As the deuteron structure function is relation to the singlet structure function as

5 2 ) ;
Fg x )= ;Fg (x, 1), s0 we obtain the ¢ and x-evolution of deuteron structure function as
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Equations (6) and (7) are used in our phenomenological work for calculation of deuteron
structure function. We have compared our results of t and x-evolutions of deuteron structure
function with E665 and NMC experimental data, and NNPDF parameterization. We consider
the range 0.0052 <x <0.18 and 1.094 < Q2 <26 GeV2 for E665 data, 0.0045 < x <0.18 and 0.75
< Q2 <27 GeV2 for NMC data and 0.0045 =x<0.09 and 1.25 < Q2 < 26 GeV2 for NNPDF
parameterization. In the t-evolutions of deuteron structure function our computed values of
from equation (6) are plotted against Q2 for different values of x. On the other hand, for x-
evolutions our computed values of from equation (7) are plotted against x for different values of
Q2. We observe that the t and x-evolutions of deuteron structure function are in good consistency
with the experimental data and parametrization.
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Fig. 1( a, b) NMC data: Dotted lines are LO results, dashed lines are NLO and solid lines are our NNLO
results. For clarity, data are scaled up by +0.2i (in Fig. 1(a)) and +i (in Fig.1(b)) (with i = 0,1,2,3) starting
from the bottom of all graphs in each figure.
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Fig. 2 (a, b) E665 data: Dotted lines are LO results, dashed lines are NLO and solid lines are our NNLO
results. For clarity, data are scaled up by +0.4i (in Fig. 2(a)) and +0.1i (in Fig.2(b)) (with i = 0,1,2,3)
starting from the bottom of all graphs in each figure.

— NNLO
<ee NLD (a) (b) — NNLO
e LO
20 ISR o ok S S G S
x=0.0175
1.5}
e )
=4 <
[°S ("5
1.0 |
05|
03
1 1 L 1 1 | 1 1
1 5 10 15 20 0.00 0.02 0.04 0.06 0.08 0.10

Fig. 3. (a, b) NNPDF data: Dotted lines are LO results, dashed lines are NLO and solid lines are our
NNLO results. For clarity, data are scaled up by +0.4i (in Fig. 3(a)) and +0.1i (in Fig.3(b)) (with i =
0,1,2,3) starting from the bottom of all graphs in each figure.
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B. Solution of Nonlinear GLR evolution equation for gluon distribution function:
Mﬁ_

The small-x limit of parton (quarks and gluons) distribution is of considerable
importance both theoretically and phenomenologically. Detailed theoretical QCD studies have
been made to predict the parton distribution at small-x. These theoretical expectations must be
incorporated in any phenomenological analysis of structure function data. Such analysis is
expected to give realistic extrapolation of the parton distribution into the small x regime. The
determination of Ithe gluon density is of great importance at low X, where gluons are expected to
be dominant. As x decreases for fixed Q, the number of partons increases, and at some value of X
= Xer partons start to populate the whole hadron disc densely. For x < x,, the partons overlap
spatially and begin to interact throughout the disc. The increase in the number of small-x partons
becomes limited by gluon fusion (88 — g). So, any further increase in the energy will not

increase the probed parton density. The value of Q? at which this happens is known as saturation
scale Q2. It is also important to know the value of Q2. at which parton saturation occurs, The

region where the partons get saturated is called the black disc and this this blackening of proton

is called the saturation or shadowing.

Partonic saturation plays also an important role in the context of the unitarity bound. It is
well known that the hadronic cross sections obey the Froissart bound which stems from the
general assumptions of the analyticity and unitarity of the scattering amplitude. The Froissart
bound implies that the total cross section does not grow faster than the logarithm squared of the

energy
< 12 (Ins)?
ml

where my is the mass of pion and it determines the scale of the range of the strong force. It is
generally believed, that the parton saturation mechanism leads to the unitarization of the cross

section at high energies.

The correlation among the initial partons are neglected in the derivation of linear DGLAP
evolution equation, where only parton splitting is considered. But at small-x the corrections of

the correlations among initial gluons to the elementary amplitude should also be considered.
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Therefore at small-x apart from the production diagram one has to include the additional
diagrams which take into account gluon recombination. This leads to the modification of the
evolution equation by a term which is non-linear in gluon density, i.e., in the small-x limit,
linear DGLAP evolution equation are expected to breakdown and the evolution is given by a

non-linear evolution equation. Gribov-Levin-Reskin first studied these non-linear effects.

Now the number of gluons p per unit of rapidity which can interact with the probe is

xg(x,Qz). If we note that the gluon-gluon cross-section is O ggg X0 / Q?, then, when,
with decreasing x, the area PO, becomes significant in comparison to 7R? (where R is the

radius of the proton where the gluons populated), shadowing corrections can no longer be
neglected. Clearly the crucial parameter is

W=l o _% xg(xQ)

mR? #7E T Q7 gR?

In the region of x and Q? where W<< 1, the interaction of gluons (in different cascade
ladders) is negligible and we may continue to use evolution equations linear in G(x, QY.
However, at small x when W=as two gluons in different cascades may interact, generally fusing
the gluon ladders together and so decrease the gluon density. This leads to parton recombination
Or parton saturation or shadowing corrections. Shadowing corrections modify the evolution

equations by the addition of a term proportional to W and quadratic in G(x, Q% which is given as

dG(x,Qz)_as Iy (_’.‘_ 2] ( 1 J_ 81a? ¥ dg (x sz
dnQ? 2z !dZG 72 fe 1-z) 16R’Q? f“z ’ I‘Z,Q.

0

X

- 3% fwo(X g L) Slal Fdfo(x 2)2
= - _t!‘de(l._z’Q ](I—ZJ 16R2Q2 I l_Z[G[l__z’Q ‘J (1)

0

This equation is known as the GLR evolution equation. Here G(x,Q% is the gluon

distribution function, Pgg is the gluon-gluon splitting function and y =, where Xo is the
X

boundary condition that the gluon distribution joints smoothly onto the unshadowed region. Here
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the quark gluon emission diagrams are neglected due to their little importance in the gluon-rich
small-x region. Practically, xo =102 At X=Xo the shadowing and unshadowing gluon distribution
behaviours are equal whereas, at X<<x¢ all typical features of small-x physics should be seen.
The negative sign in front of the nonlinear term js responsible for the gluon recombination. The
strong growth generated by the linear DLLA term is damped whenever gluon density G(x,Q2)

becomes large, of the order 1/ag

Now to solve the GLR equation, let us consider a simple form of Regee behaviour for the

determination of the gluon distribution function with the shadowing correction as

G[—X—,Q2J=T(Qz)(i]_
1-z 1-z

=TQ")x™*(1-2)*
=G(x,Q")(1-2)"

where, A = Pomeron intercept. Here we consider A~ 0.5 at small-x.

We consider a variable ®, so that 1-z=@.

. X X
Since, 0<z<1-— 50, 1<@®<—.
X Xp

Thus, GE;— QZJ =G(x,Q*)o*

Substituting all these in equation (1), the GLR equation becomes
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Let us consider a convenient variable t instead of Q% where, t = In(Qz/ Az), A being the QCD

cut off parameter. Then equation (2) can be rewritten as



1 2 1
%0 16R “A%e %‘0

Performing the integrations, equation (3) becomes
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and H,(x)=

Equation (4) can be solved as,

(-1+H, (x))e"®"

G(x,t)=
bt H, (e 9 c(C14m, (x))

©))

where, C is a constant.

Now, at t = t, for any lower value of Q = Qo let us define

(-1+H, (x))e"1®"
H,()e ™ 10, (141, (x)

Gy =G(x,t,)= ©6)

Thus, from equation (6) we get the value of C as

e E1+H ()" —H, 910G, |

G(~1+H, (x) 7

Substituting C in equation (5) we get,



(C1+H, (x)e"™'G,
C}c.:[-[2 (x)[e(-hul (—"))‘ B e(-l+Hl(x})lo :| . (_' 14 Hl (X)kﬂlm ts
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Equation (8) gives the t- evolution of gluon distribution function G(x, Q).

Results and discussions:

We compared our results of t-evolution of gluon distribution function G(x,Qz) with
CTEQ 5L, CTEQ 6L and GRV 98 parametrizations. These parametrizations are different global
QCD analysis of high energy interactions to determine the gluon and quark distributions in the
nucleon. The CTEQ and GRV parametrzations presented a determination of the parton density
from the H1 data at HERA. To compare our results with these parametrizations, we consider for
CTEQ 5L the range 1.43<Q’<100 GeV?, for CTEQ 6L the range 3.4 <Q? <152 GeV? and for
GRV the range 5 <Q* <100 GeV>2. In all graphs data points at lowest—Q? values are taken as
inputs to test the t-evolution of gluon distribution function. The value of A, the QCD cut off
parameter for both CETQ (both CTEQ 5L and CTEQ 6L) and GRYV is taken as 192 MeV. Here

we have checked our results of t-evolution of G(x,Qz) for x=107, 10* and 10° respectively.

Figure 1(a), 1(b), 1(c) shows the comparison of our results of t-evolution of G(x,Q’) with the
CTEQ 5L parametrizations for x=10~, 10* and 107 respectively. Figure 2(a), 2(b), 2(c) shows
the comparison of our results of t-evolution of G(x, Qz) with the CTEQ 6L parametrizations for
x=107, 10™ and 10°® respectively. Similarly, Figure 3(a), 3(b), 3(c) shows the comparison of our
results of t-evolution of G(x,Qz) with the GRV parametrizations for x=102, 10* and 10

respectively. In the graphs the solid lines represent our result and dashed lines represent the

results from CTEQ 5L parametrizations.

Conclusion :

To conclude, we can say that our results of the solution of GLR equation show that the
gluon distribution function increases with increasing Q. Results also confirm that the GLR
equation has a tamed behavior with respect to the gluon saturation as Q? increases and the
obtained results at the hot spot are compatible with the results obtained by different

parametrizations of parton distribution functions.



t- evolution results of GLR equation compared with CTEQ SL parametrizations
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Fig 1(a,b,c): A plot of gluon distribution function G(x,Q% vs Q? for x=10%, 10* and 10° respectively
compared with CTEQ 5L parametrizations. Here solid lines represent our result and dashed lines
represent the results from CTEQ 5L parametrizations.
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t- evolution results of GLR equation compared with CTEQ 6L parametrizations
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Fig 2 (a,b,c): A plot of gluon distribution function G(x, Q%) vs Q? for x=107, 10 and 107 respectively

compared with CTEQ 6L parametrizations. Here solid lines represent our result and dashed lines
represent the results from CTEQ 6L parametrizations.
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t

- evolution results of GLR equation compared with GRV parametrizations
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Fig 3(a,b,c): A plot of gluon distribution function G(x, Q%) vs Q* for x=10?, 10 and 10°® respectively
compared with GRV parametrizations. Here solid lines represent our result and dashed lines represent
the results from GRV parametrizations.
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Participation in conferences:

The Project Fellow has attended the “DAE-BRNS workshop on Hadron Physics” held at

Bhaba Atomic Research Center (BARC), Mumbai from October 31 to November 4,2011.

Publications:

@

“Solution of singlet Dokshitzer-Gribov-Lipatov-Altarelli-Parisi evolution equation in
next-to-next-to-leading order at small-x” M Devee, R Baishya and J K Sharma;
Indian J Phys (February 2012) 86(2):141-144 (DOI 10.1007/512648-012-0015-4)

(i)  "Evolution of singlet structure functions from DGLAP equation at next-to-next-to-
leading order at small-x" M Devee, R Baishya and J K Sharma (Accepted for
publication in Eur. Phys. J C)
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